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To study the impurity potential effect to the Kondo problem in a Luttinger liquid, we pro-
pose an integrable model of two interacting half-chains coupled with a single magnetic impurity
ferromagnetically. It is shown that the scalar potential effectively reconciles the spin dynamics at
low temperatures. Generally, there is a competition between the Kondo coupling J and the impu-
rity potential V . When the ferromagnetic Kondo coupling dominates over the impurity potential
(V < |SJ |), the Furusaki-Nagaosa many-body singlet can be perfectly realized. However, when
the impurity potential dominates over the Kondo coupling (V ≥ |SJ |), the fixed point predicted by
Furusaki and Nagaosa is unstable and the system must flow to a weak coupling fixed point. It is also
found that the effective moment of the impurity measured from the susceptibility is considerably
enlarged by the impurity potential. In addition, some quantum phase transitions driven by the
impurity potential are found and the anomaly residual entropy is discussed.
71.10.Pm, 72.10.Fk, 72.15.Qm, 75.20.Hr
I. INTRODUCTION
With the development of the nanofabrication techniques for quantum wires and the prediction of edge states in the
quantum Hall effect, the interest in one-dimensional (1D) quantum systems has been renewed in recent years1,2. In
fact, much of the interest in 1D quantum systems is due to Anderson’s observation3 that the normal state properties
of the quasi 2D high-Tc superconductors are strikingly different from all known metals and can not be reconciled with
Landau’s Fermi liquid theory but are more similar to properties of 1D metals. In another hand, the impurity problem
has been a current interest in the field of condensed matter physics. A well known example is the Kondo problem,
which stimulated a strong challenge to traditional perturbation theory and provided a possible “laboratory” to search
for the non-Fermi liquid behavior. The local perturbation problem to a 1D Fermi system has been the subject of
an intensive theoretical investigation in the recent years, for both its interesting anomalies with respect to that of a
higher-dimensional system, and its relevance to a variety physical situations such as the transport behavior of the
quantum wires2,4,5 and the tunneling through a constriction in the quantum Hall regime6. The Kondo problem in a
Luttinger liquid was first considered by Lee and Toner7. Employing the perturbative renormalization group method
they found the power-law dependence of the Kondo temperature Tk on the exchange coupling constant J with strong
enough correlation among the conduction electrons. Subsequently, a “poor man’s” scaling treatment on this problem
was performed by Furusaki and Nagaosa8. An interesting conjecture was proposed in their paper, which states that
even ferromagnetic Kondo coupling may induce Kondo screening at low temperatures. This strong coupling fixed
point describes a many-body singlet formed by the impurity and the conduction electrons. They gave a simple picture
to describe such a many-body singlet. At first, one conduction electron will be bounded on the impurity site and forms
a spin-1 composite with the impurity moment (spin-1/2). However, the other electrons on the two nearest sites aside
the impurity will screen this composite due to the antiferromagnetic exchange induced by the correlation between the
localized electron and the electrons near the impurity and therefore leave a spin singlet in the ground state. Moreover,
they showed that the excess specific heat and Pauli susceptibility due to the Kondo impurity show anomalous power
law on the temperature, a typical non-Fermi liquid behavior. The boundary conformal field theory has allowed the
classification of all possibilities of critical behavior for a Luttinger liquid coupled to a Kondo impurity9 (without
impurity potential). It turns there are only two possibilities, a local Fermi liquid with standard low-temperature
thermodynamics or a non-Fermi liquid with the anomalous scaling observed by Furusaki and Nagaosa. We remark
that there are still disputes10,11 on this problem and the situation is not very clear yet.
The impurity potential effect for the Kondo problem in 3D metals has been well understood. A weak impurity
potential only renormalizes the Kondo coupling J by a factor cos2 δV (δV is the phase shift of the scattering) but
does not affect the fixed point of the system12,13. However, the magnetic impurity embedded in a 1D correlated
electron system with scalar impurity potential in addition to the Kondo coupling has been so far rarely studied14,15.
As pointed out by Kane and Fisher5, the impurity potential has a significant effect in a Luttinger liquid. With the
repulsive interaction among the conduction electrons, it will be scaled to infinity at low energy scales and thus drives
the system into two disconnected half-chains. This observation has also been supported by the numerical studies
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of the finite size spectrum16. Such an effect is obviously detrimental to the formation of Furusaki-Nagaosa singlet,
since the impurity potential prevents the conduction electrons to occupy the impurity site. In fact, there must be a
competition between the Kondo coupling J and the scalar potential V . When J is dominant over V , the Furusaki-
Nagaosa’s strong coupling fixed point could be stable, otherwise the system may flow to other fixed points. Since the
impurity cuts the whole chain into two pieces, the Kondo problem in a Luttinger liquid is effectively a two-channel
one17,18. Even without the scalar potential, the Furusaki-Nagaosa composite also prevents other electrons to occupy
the impurity site and thus behaves as an open boundary.
Attempting to show how the impurity potential behaves for a magnetic impurity coupled ferromagnetically with a
one-dimensional host metal and how the Furusaki-Nagaosa conjecture realizes in a concrete system, we introduce an
integrable model of two half-chains coupled with a magnetic impurity. We remark a few integrable impurity models
have been introduced earlier which describe either a transparent impurity in a whole chain19 or a half chain interacting
with a boundary impurity14. These models are disadvantageous to show the two channel Kondo physics and can not
capture all essentials of the Kondo problem in a Luttinger liquid. A good starting point is the following Hamiltonian,
which describes a magnetic impurity in a Hubbard chain
H = −t
N∑
j=−N,σ
[c†j,σcj+1,σ + h.c] + U
N∑
j=−N
nj,↑nj,↓ + Jσ0 · S+ V (n0,↑ + n0,↓), (1)
where J and V are the Kondo coupling constant and the impurity potential, respectively; σj is the spin operator of
the conduction electrons on site j and S is the spin operator of the impurity. However, the above Hamiltonian is not
exactly solvable and therefore can not provide us satisfactory information. Instead of to study (1), we consider the
following related Hamiltonian
H =
∑
σ=↑,↓
∫ L
0
∂c†+,σ(x)
∂x
∂c+,σ(x)
∂x
dx+
∑
σ=↑,↓
∫ 0
−L
∂c†−,σ(x)
∂x
∂c−,σ(x)
∂x
dx+
c
∑
a,b=±
∑
σ,σ′
∫ L
0
c†a,σ(ax)c
†
b,σ′ (bx)ca,σ′ (ax)cb,σ(bx)dx (2)
+J
∑
a=±
∑
σ,σ′
c†a,σ(0)ca,σ′(0)τσ,σ′ · S+ V
∑
a=±
c†a,σ(0)ca,σ(0),
where a, b = ± denote the right and left half-chains; c†a,σ (ca,σ) are the creation (annihilation) operators of the
conduction electrons; J < 0 (ferromagnetic) is the Kondo coupling constant; V is the scalar potential induced by the
impurity; c > 0 is the interaction constant of the conduction electrons; L is the length of a half-chain which will be
put to infinity in the thermodynamic limit; τ is the Pauli matrix and S is the moment of the impurity with spin S.
The interacting term in the Hamiltonian contains the δ-function type repulsion of the electrons in the same half-chain
and the δ(x+y) type spin-exchange between electrons in the different half-chains. For the electrons near the impurity,
the latter is short ranged and has a clear physical meaning since both the Kondo coupling and the correlations in the
bulk assist such an exchange effect. In fact, as predicted by the boundary conformal field theory20, there is indeed a
quasi-long-range ferromagnetic correlation between the electrons on sites n and −n [Hamiltonian (1)],
< σn · σ−n >∼ (2n)−θ, (3)
where the exponents θ varies from 1 to 4, which can be derived from the boundary conformal filed theory20. For
the electrons far away from the impurity, the spin exchange interaction is somewhat artificial but is irrelevant to the
impurity behavior. Such an irrelevant term is conventionally introduced in the multi-channel Kondo problem21 to
ensure the model to be integrable. By reflecting the coordinates of the right half-chain, the model is readily reduced to
a two-channel Kondo model with a boundary impurity. The Hamiltonian (2) can be written in the first quantization
form as
H = −
N∑
j=1
∂2
∂x2j
+ c
N∑
i<j
(P cij − P sij)δ(xj − xi) +
N∑
j=1
(Jτj · S+ V )δ(xj), (4)
whereN is the number of electrons; P cij and P
s
ij are the channel-channel and spin-spin exchange operators, respectively;
the coordinates of the electrons are constrained in the interval −L ≤ xj ≤ 0. Without the impurity, the Hamiltonian
is just that of the two band model considered by Schlottmann22.
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The structure of the present paper is the following. In the subsequent section, we derive the integrable condition of
the present model. The Bethe ansatz equation for the integrable case will be given with considerable detail. In section
III, we derive the thermodynamic Bethe ansatz equations based on the string hypothesis. The boundary bound states
and the residual entropy will be discussed in sect.IV. In Sect. V, we study the low-temperature thermodynamics of
the impurity. Concluding remarks will be given in section VI.
II. BETHE ANSATZ
It is well known that without the impurity, the Hamiltonian (3) is exactly solvable22. By including the impurity,
any electron impinging on the impurity will be completely reflected and suffer a reflection matrix Rj . The waves are
therefore reflected at either end as
eikjx → −e−ikjx+2ikjL, x ∼ −L
eikjx → Rj(kj)e−ikjx, x ∼ 0. (5)
Let us consider the two particle case. There are two ways from an initial state (k1, k2, |) to a final state (−k1,−k2, |):
I.(k1, k2, |)→ (k2, k1, |)→ (k2,−k1, |)→ (−k1, k2, |)→ (−k1,−k2, |),
II.(k1, k2, |)→ (k1,−k2, |)→ (−k2, k1, |)→ (−k2,−k1, |)→ (−k1,−k2, |),
where the symbol | denotes the open boundary. Since the physical process is unique, the following equation must hold
S12(k1, k2)R1(k1)S12(k1,−k2)R2(k2) = R2(k2)S12(k1,−k2)R1(k1)S12(k1, k2). (6)
Above S12 is the scattering matrix between the two electrons. This is just the reflection equation
23. For the multi-
particle cases, as long as the scattering matrix is factorizable or the two-body scattering matrix satisfies the Yang-
Baxter relation24
S12(k1, k2)S13(k1, k3)S23(k2, k3) = S23(k2, k3)S13(k1, k3)S12(k1, k2), (7)
(6) is the only constraint to the integrability of an open boundary system23. Below we derive the integrable condition
of the present model.
Since the reflection process only consists of one-electron effect, it is convenient to consider the single-particle
eigenstate. The Schro¨dinger equation for this case reads
− ∂
2Ψ(x)
∂x2
+ (Jτ · S+ V )δ(x)Ψ(x) = EΨ(x). (8)
We make the following ansatz for the wave function Ψ(x)
Ψ(x) = [A+e
ikx +A−e
−ikx]θ(−x)θ(x + L), (9)
where θ(x) is the step function which takes the value of unit for x ≥ 0 and 0 for x < 0. For −L < x < 0, we easily
obtain the eigenvalue E takes the value k2. Since the boundary contains an impurity, we use the open-string boundary
condition, which has been used in a similar problem25, to solve our model. That means an irrelevant local counter
term
∑
j [δ
′(xj)− δ′(xj + L)] is included in the original Hamiltonian. For x = −L, we obtain that
A+
A−
= e2ikL. (10)
Similarly, for x = 0, the δ(x) term must be canceled in (8). This gives
R(k) ≡ A−
A+
=
2ik − (Jτ · S+ V )
2ik + (Jτ · S+ V ) . (11)
The self-consistent condition for A± constrains the value of k by the following eigenvalue problem
R(k)A+ = e
−2ikLA+. (12)
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For arbitrary N−particle case, Rj(kj) must satisfy the reflection equation (6). It is known that the bulk Hamiltonian
is integrable22 and the the two-body scattering matrix of the the conduction electrons takes the form
Sjl(kj − kl) =
kj − kl + icP sjl
kj − kl + ic
kj − kl − icP cjl
kj − kl − ic , (13)
and obviously satisfy the Yang-Baxter equation (7). Substituting Sjl of (13) and R(k) of (11) into (6), we readily
obtain the integrable condition of the present model. It reads
J = −2c. (14)
The reflection matrix (11) in the integrable case can be rewritten as
R(kj) =
kj + icp− icτj · S
k − icp+ icS
k − ic(p+ 1)− icτj · S
kj − ic(p+ 1)− icS , (15)
where p = V/2c. Notice here R(kj) is an operator one which reveals the spin exchange process at the impurity site
(boundary). For an N−particle system, suppose the wave function initially has an amplitude ψ0. When the j − th
particle moves across another particle, it gets an S−matrix Sjl(kj − kl). At the right boundary, it is completely
reflected back and suffer a factor R(kj). Then it begins to move toward the left boundary. When reaches the left
boundary, it will be kicked back and suffer a factor exp(2ikL). Finally it arrives at the initial site and finishes a
periodic motion. Therefore we have the following equation
S−jj−1 · · ·S−j1S+j1 · · ·S+jj−1S+jj+1 · · ·S+jNR(kj)e2ikjLS−jN · · ·S−jj+1ψ0 = ψ0, (16)
or more neatly
S−jj−1 · · ·S−j1S+j1 · · ·S+jj−1S+jj+1 · · ·S+jNR(kj)S−jN · · ·S−jj+1ψ0 = e−2ikjLψ0, (17)
where S±jl = Sjl(kj ± kl). Eq.(17) is just the reflection version of Yang’s eigenvalue problem24. Its solution gives the
Bethe ansatz equation. We note that the degrees of freedom of the spin sector and those of the channel sector are
completely separated. The scattering-matrices Sjl can be expressed as
S±jl = S
±,c
jl ⊗ S±,sjl ,
S±,cjl =
kj ± kl − icP cjl
kj ± kl − ic , (18)
S±,sjl =
kj ± kl + icP sjl
kj ± kl + ic .
Therefore, the eigenvalue problem (17) is equivalent to
S−,sjj−1 · · ·S−,sj1 S+,sj1 · · ·S+,sjj−1S+,sjj+1 · · ·S+,sjN R(kj)S−,sjN · · ·S−,sjj+1ψs0 = es(kj)ψs0, (19)
S−,cjj−1 · · ·S−,cj1 S+,cj1 · · ·S+,cjj−1S+,cjj+1 · · ·S+,cjN S−,cjN · · ·S−,cjj+1ψc0 = ec(kj)ψc0, (20)
with
ψ0 = ψ
c
0 ⊗ ψs0, ec(k)es(k) = e−2ikjL. (21)
The above eigenvalue problems are very similar to those of other integrable models25–27,23. Here we introduce a
slightly different method, which is more transparent28. Define ψ¯0 = (S
−,s
jj−1 · · ·S−,sj1 )−1ψs0. (19) can be rewritten as
S+,sj1 · · ·S+,sjj−1S+,sjj+1 · · ·S+,sjN R(kj)S−,sjN · · ·S−,sjj+1S−,sjj−1 · · ·S−,sj1 ψ¯0 ≡ Xjψ¯0 = es(kj)ψ¯0. (22)
For convenience, we introduce an auxiliary space τ and define
Uτ (k) = S
+,s
τj S
+,s
τ1 · · ·S+,sτj−1S+,sτj+1 · · ·S+,sτN R(kτ )S−,sτN · · ·S−,sτj+1S−,sτj−1 · · ·S−,sτ1 S−,sτj , (23)
with kτ = k. Obviously, S
−,s
τj (kj) = P
s
τj and
4
trτUτ (kj) =
2kj + 2ic
2kj + ic
Xj . (24)
Since S±,sτ l satisfy the Yang-Baxter relation
S−,sττ ′ (k − k′)S±,sτj (k ± kj)S±,sτ ′j (k′ ± kj) = S±,sτ ′j (k′ ± kj)S±,sτj (k ± kj)S−,sτ,τ ′(k − k′), (25)
from (6) we can easily show that Uτ (q) satisfies the reflection equation
S−,sττ ′ (k − k′)Uτ (k)S+,sττ ′ (k + k′)Uτ ′(k′) = Uτ ′(k′)S+,sττ ′ (k + k′)Uτ (k)S−,sτ,τ ′(k − k′). (26)
Therefore, the eigenvalue problem (22) is reduced to Sklyanin’s eigenvalue problem23. Following the standard method,
we obtain
e−1s (kj) =
kj − ic(S − p)
kj + ic(S − p)
∏
r=±
M∏
α=1
kj − rλα + i c2
kj − rλα − i c2
, (27)
λα + ic(S + p+
1
2 )
λα − ic(S + p+ 12 )
λα + ic(S − p− 12 )
λα − ic(S − p− 12 )
N∏
j=1
∏
r=±
λα − rkj + i c2
λα − rkj − i c2
=
∏
r=±
M∏
β 6=α
λα − rλβ + ic
λα − rλβ − ic . (28)
Similarly, we have
e−1c (kj) =
∏
r=±
M¯∏
γ=1
kj − rχγ − i c2
kj − rχγ + i c2
, (29)
N∏
j=1
∏
r=±
χγ − rkj + i c2
χγ − rkj + i c2
=
∏
r=±
M¯∏
δ 6=γ
χγ − rχδ + ic
χγ − rχδ − ic . (30)
By using (21), we obtain
e2ikjL =
kj − ic(S − p)
kj + ic(S − p)
∏
r=±
{
M∏
α=1
kj − rλα + i c2
kj − rλα − i c2
M¯∏
γ=1
kj − rχγ − i c2
kj − rχγ + i c2
}. (31)
The energy spectrum of (4) is uniquely determined by the Bethe ansatz equations (BAE) (28), (30) and (31) with the
eigenvalue of (4) as
E =
N∑
j=1
k2j , (32)
where kj , λα and χγ are the rapidities of the charge, spin and channel (two half chains), respectively;M is the number
of down spins and M¯ is the number of the electrons in the left half-chain. From the Bethe ansatz equation we can
read off that the impurity spin does not behave as its real value but as two “images” or effective spins S + p + 1/2
and S − p− 1/2 alternatively and halfly. Since there is no constraint to the value of p, we shall call the two effective
spins as ghost spins. Notice that the mean value of the two ghost spins is still S.
III. THERMODYNAMIC EQUATIONS
In this section, we derive the thermodynamic Bethe ansatz equations (TBAE) by following the standard method
developed by Yang and Yang29 and Takahashi30. Due to the reflection symmetry of the model, kj , λα and χγ are
all positive parameters. Though the zero modes are possible solutions of the BAE, they corresponds to vanished
wavefunction20. For convenience, we put k−j = −kj, λ−α = −λα and χ−γ = −χγ . When 0 ≤ p < S (weak impurity
potential), an imaginary charge mode k = i(S − p)c is a solution of the BAE in the thermodynamic limit L → ∞,
while for S ≤ p (strong impurity potential), such a state is not allowed. The other k modes then either take real
values or form tightly bounded two-strings with the following fusion rule
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k±γ = χγ ± i
c
2
. (33)
These modes correspond to the channel-singlet pairs. At low temperatures, the bound state mentioned above are
much stable. Since we are interested only in the low temperature behavior of the impurity, we shall omit the effect of
breaking bound state in deriving the free energy due to the finite energy gaps associated with such processes.
(i). S > p case. In this case, a boundary bound state with k = ic(S − p) is stable. We remark that the electrons
exactly on the impurity site lose their channel character because this site may belong to either the left half-chain or
the right half-chain as we can see in the Hamiltonian (1). That means maximumly only two electrons with different
spins may occupy this site simultaneously and a pair state described by (33) to occupy the impurity site is forbidden.
With the fusion rule (33), The BAE can be reduced to
e4iχγL =
∏
r=±1
χγ − ic(S − p+ 12r)
χγ + ic(S − p+ 12r)
M∏
α=−M
χγ − λα + ic
χγ − λα − ic
N¯∏
δ=−N¯
χγ − χδ − ic
χγ − χδ + ic , (34)
∏
r=±1
λα + ic(S + rp+
1
2 )
λα − ic(S + rp+ 12 )
λα +
i
2c
λα − i2c
N¯∏
γ=−N¯
λα − χγ + ic
λα − χγ − ic =
M∏
β=−M
λα − λβ + ic
λα − λβ − ic , (35)
where N¯ = (N − 1)/2 and the eigenenergy can be expressed as
E =
N¯∑
γ=−N¯
χγ
2 −Nc2/2. (36)
In the following text, we omit the second term in (36) since it only shifts the chemical potential. The solutions of the
fused BAE are described by a sequence of real number χγ and a variety of λ−strings
λnα,j = λ
n
α +
i
2
c(n+ 1− 2j), j = 1, 2, · · · , n, (37)
where λnα are the position of the α-th n−string in the real axis. The distribution of χγ and λnα in the thermody-
namic limit can be described by the densities of particles ρ(χ), σn(λ) and the densities of holes ρh(χ) and σ
h
n(λ),
respectively30. From the BAE we can easily derive the following equations
ρ(λ) + ρh(λ) =
1
π
+
1
2L
φc(λ) + [2]ρ(λ)−
∞∑
n=1
Bn2σn(λ), (38)
σhn(λ) =
1
2L
[φns (λ) + φ
n
b (λ)] +Bn2ρ(λ) −
∞∑
m=1
Anmσm(λ), (39)
with the condition ∫
ρ(λ)dλ =
N
2L
,
∑
n
n
∫
σn(λ)dλ =
2M + 1
2L
, (40)
where
Bmn =
min(m,n)∑
l=1
[n+m+ 1− 2l], (41)
Am,n = [|m− n|] + 2[|m− n|+ 2] + · · ·+ 2[m+ n− 2] + [m+ n], (42)
and [n] is an integral operator with the kernel
an(λ) =
1
π
nc
2
λ2 + (nc2 )
2
, (43)
φc, φ
n
s and φ
n
b are given by
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φc(λ) =
∑
r=±1
a2S−2p+r(λ), (44)
φns (λ) =
∑
r=±
n∑
l=1
a|n+2S+2+2rp−2l|(λ)sgn(n+ 2S + 2 + 2rp− 2l), (45)
φnb (λ) = an(λ). (46)
The free energy of the system in a magnetic field H can be expressed as29,30
F/L =
∫
(λ2 − µ−H)ρ(λ)dλ +
∑
n
nH
∫
σn(λ)dλ − (S + 1
2
)H
−T
∫
[(ρ+ ρh) ln(ρ+ ρh)− ρ ln ρ− ρh ln ρh]dλ (47)
−T
∑
n
∫
[(σn + σ
h
n) ln(σn + σ
h
n)− σn lnσn − σhn lnσhn]dλ,
where µ is the chemical potential. At equilibrium state, δF = 0. That means
δF
δρ(λ)
=
δF
δσn(λ)
= 0. (48)
Notice that δρh and δσ
h
n are not independent of δσn and δρ. From (38) and (39) we know that
δρh = −δρ+ [2]δρ−
∑
n
Bn2δσn, (49)
δσhn = Bn2δρ−
∑
m
Amnδσn. (50)
Therefore we have the following equations
ln η =
λ2 − µ−H
T
− [2] ln(1 + η−1)−
∑
n
Bn2 ln(1 + ζ
−1
n ), (51)
ln(1 + ζn) =
nH
T
+Bn2 ln(1 + η
−1) +
∑
m
Anm ln(1 + ζ
−1
m ), (52)
where
η(λ) ≡ ρh(λ)
ρ(λ)
, ζn(λ) ≡ σ
h
n(λ)
σn(λ)
. (53)
Define the integral operator G with kernel G0(λ) = 1/2c cosh(πλ/c). It can be shown that the following identities are
valid
B1n −GB2n = δn1G, Bm,n −G(Bn−1,m +Bn+1,m) = δnmG, n > 1, (54)
A1m −GA2m = δ1m, Anm −G(An−1,m +An+1,m) = δnm, n > 1, (55)
GAmn = Bmn. (56)
With the above identities, (51) and (52) can be further simplified. Let n = 2 in (52) and act G on it. We get
∑
n
Bn2 ln(1 + ζ
−1
n ) = G ln(1 + ζ2)− [2] ln(1 + η−1)−
H
T
. (57)
Substituting (57) into (51) we obtain
ln η =
λ2 − µ
T
−G ln(1 + ζ2). (58)
Similarly, with (54) and (55), (52) can be reduced to
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ln ζn = −G ln(1 + η−1)δn2 +G[ln(1 + ζn+1) + ln(1 + ζn−1)]. (59)
Notice we have put ζ0 ≡ 0. (51), (52) and (58), (59) are just the TBAE. In the following text, we shall use them
alternatively. Substituting (51) and (52) into (47) we obtain the free energy as
F/L = f +
1
L
Fi +
1
L
Fb, (60)
f = −T
π
∫
ln[1 + η−1(λ)]dλ, (61)
Fi = −1
2
T
∑
n
∫
φsn(λ) ln[1 + ζ
−1
n (λ)]dλ −
1
2
T
∫
φc(λ) ln[(1 + η
−1(λ)]dλ −H(S + 1
2
), (62)
Fb = −1
2
T
∑
n
∫
an(λ) ln(1 + ζ
−1
n )dλ = −T
∫
ln[1 + ζ1(λ)]
4c cosh piλ
c
dλ. (63)
(ii)S ≤ p case. In this case, the boundary mode k = i(S − p)c is not a solution of the BAE. The fused BAE read
e4iχγL =
∏
r=±1
χγ − ic(S − p− 12r)
χγ + ic(S − p− 12r)
M∏
α=−M
χγ − λα + ic
χγ − λα − ic
N¯∏
δ=−N¯
χγ − χδ − ic
χγ − χδ + ic , (64)
∏
r=±1
λα + ic(S + rp+
1
2r)
λα − ic(S + rp+ 12r)
λα +
i
2c
λα − i2c
N¯∏
γ=−N¯
λα − χγ + ic
λα − χγ − ic =
M∏
β=−M
λα − λβ + ic
λα − λβ − ic , (65)
where N¯ = N/2. The TBAE take the same forms to those of case (i). The only difference is the free energy of the
impurity, which is given by a new class of φns
φns (λ) =
∑
r=±
n∑
l=1
a|n+2S+1+r(2p+1)−2l|(λ)sgn(n+ 2S + 1 + r(2p+ 1)− 2l). (66)
IV. GROUND STATE PROPERTIES
To study the finite temperature properties of the system, we check first the behavior of the driving term in (59).
Since we are interested in the low-temperature properties of the impurity, only the excitations near the Fermi surface
are important. As we discussed above, η is relevant to the charge excitations and ζn are responsible for the spin
excitations. Therefore, when T → 0 and H → 0, only η(λ ∼ ±Λ) and ζn(λ ∼ ±∞) are important in the driving term
of (59). Introduce the notation
η(λ, T ) = e
ǫc(λ,T )
T . (67)
ǫc(λ, 0) is nothing but the dressed energy
31 of the charge sector. At zero temperature, the Fermi surface of the charge
sector is given by λ = ±Λ with ǫc(±Λ, 0) = 0. For |λ| < Λ, ǫc(λ, 0) < 0 and for |λ| > Λ, ǫc(λ, 0) > 0. Based on the
above argument, we have
ln(1 + η−1) ≈ − ǫc(λ)
T
, |λ| < Λ, (68)
ln(1 + η−1) ≈ e− ǫc(λ)T , |λ| > Λ. (69)
Therefore, the driving term in (59) can be expressed in its leading order as
−G ln(1 + η−1) ≈ − D
2T cosh pi
c
λ
, |λ| → ∞ (70)
where D is the effective band width of the spinons. Thus at very low temperatures, (59) can be rewritten as
ln ζn = − D
2T cosh pi
c
λ
δn,2 +G[ln(1 + ζn+1) + ln(1 + ζn−1)]. (71)
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Such an equation is exactly the same to that of the spin-1 chain with an impurity19 and much similar to that of
the conventional two-channel Kondo problem21 but with two Fermi points. As T → 0, the driving term in (71) is
divergent. That means ζ2 → 0. In this case, all ζn are variable-independent and tend to a series of constants ζ+n and
G→ 1/2. Therefore, (71) is reduced to the following algebraic equations
ζ+n
2
= (1 + ζ+n+1)(1 + ζ
+
n−1), (72)
with the boundary conditions
ζ+0 = ζ
+
2 = 0, lim
n→∞
ln ζ+n
n
=
H
T
. (73)
As discussed in the earlier publications30,21, we have the following solution
ζ+n =
sinh2[(n− 1)x0]
sinh2 x0
− 1, for n ≥ 2, (74)
ζ+1 = 1, (75)
where x0 = H/2T . Below we discuss the ground state properties of the impurity and the open boundary for different
p values. First we consider the open boundary. Substituting (75) into (63) we find that the free energy of the open
boundary takes the following form
Fb → −1
4
T ln 2. (76)
That means the residual entropy of the open boundary is
Sb =
1
4
ln 2. (77)
Such a result is nothing but one half of that of a spin-1/2 in a two-channel electron system21. We remark that the
spin-1/2 degree of freedom has been observed experimentally in a quasi-one-dimensional spin-1 system32. In an open
boundary system, the self avoiding of scattering of a particle with its reflection wave leaves a spin-1/2 hole in the
bulk. This can be readily read off from the BAE. Such an effect induces the boundary degree of freedom and seems
to be universal in the one-dimensional open-boundary systems and does not depend on the detail of the impurity.
Now we turn to the impurity. (i)p < S case. In this case, when 2p = integer, the local composite (local spin plus
the bounded electron) behaves as two ghost spins S + p+ 1/2 and S − p+ 1/2.
φsn = an,2S+2p+1(λ) + an,2S−2p+1(λ), (78)
where an,m is the kernel of Bnm. With (56) and (52), we can rewrite (62) as
Fi = F
s
i + F
c
i , (79)
F si = −T
∫
1
4c cosh piλ
c
[ln(1 + ζ2S+2p+1) + ln(1 + ζ2S−2p+1)]dλ, (80)
F ci = −
1
2
T
∫
φc(λ) ln(1 + η
−1)dλ +
∑
r=±
GB2S+2rp+1,2 ln[1 + η
−1(0)]. (81)
With (74) we obtain the spin part of Fi as
F si → −
1
4
T ln[(1 + ζ+2S+2p+1)(1 + ζ
+
2S−2p+1)]. (82)
The residual entropy is
Sres = − lim
T→0
lim
H→0
∂F si
∂T
= ln[2
√
S2 − p2]. (83)
In another hand, the residual magnetization can be derived as
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Mres = − lim
H→0
lim
T→0
∂F si
∂H
= S − 1
2
. (84)
When S ≥ 1, the leading term of the impurity susceptibility is a Curie type since the moment of the local composite
can not be completely screened in this case. It can be calculated as
χi = − lim
H→0
∂2F si
∂H2
=
S2 + p2 − 14
3T
+ o(T 0). (85)
Obviously, the effective moment of the impurity spin is enlarged by the impurity potential
µeff =
√
S2 + p2. (86)
Notice above we have put the Bohr magneton µB as our unit. For 2p 6= integer, we put 2p¯ = integer part of 2p.
Since when T → 0, ζn are almost variable-independent, an(λ) in the integral can be replaced by δ(λ). In this case,
we have
φsn(λ)→ an,2S+2p¯+1(λ) + an,2S−2p¯+1(λ) + δ(λ)
2p¯∑
l=1
δn,2S−2p¯+2l. (87)
Therefore,
Sres = ln[2
√
S2 − p¯2] +
2p¯∑
l=1
ln
2S − 2p¯+ 2l− 1√
(2S − 2p¯+ 2l− 1)2 − 1 , (88)
Mres = S − 1
2
. (89)
(ii)p ≥ S case. In this case, the boundary charge mode is not allowed due to the large impurity potential V . For
2p = integer, the impurity spin behaves as two ghost spins S + p+ 1/2 and S − p− 1/2.
φsn = an,2S+2p+1 − an,2p+1−2S . (90)
With the same procedure discussed above, we have
Sres = ln
√
p+ S
p− S , p > S, (91)
Mres = S, p > S. (92)
Notice the above relation is not valid for p = S. In this case
Sres =
1
2
ln[2
√
2S], Mres = S − 1
4
. (93)
For 2p 6= integer,
φsn → an,2S+2p¯+1 − an,2p¯+1−2S + δ(λ)
2S∑
l=1
δn,2p¯−2S+2l, (94)
and
Sres = ln
√
p¯+ S
p¯− S +
2S∑
l=1
ln
2p¯− 2S + 2l− 1√
(2p¯− 2S + 2l − 1)2 − 1 , p¯ > S (95)
Sres =
1
2
lnS +
2S∑
l=2
ln
2l− 1√
4l(l− 1) , p¯ = S. (96)
The residual magnetization takes the same form of (89) and (93).
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From the above discussion, we obtain that the impurity potential has a significant effect to the spin dynamics of
the impurity. Generally, it splits the impurity spin into two ghost spins. For a weak impurity potential V (p < S), the
Furusaki-Nagaosa conjecture is perfectly realized (Notice that Mres = 0 for S = 1/2, which indicates a ferromagnetic
Kondo screening). While for p ≥ S, a non-zero residual magnetization always exists even for S = 1/2. That means the
Furusaki-Nagaosa’s singlet is unstable in this case. In fact, there is a competition between J and V , which governs the
stability of the ferromagnetic Kondo screening in this system. In addition, the residual entropy strongly depends on
the impurity potential. Such an effect characters the local glass behavior near the impurity. Notice that the residual
entropy is disconnected at 2p = integer. That means quantum phase transition occurs when 2p across an integer. All
the novel phenomena mentioned above have never been obtained in the conventional Kondo problems.
V. LOW-TEMPERATURE PROPERTIES
To get the leading order of the thermodynamics, we expanse (71) in the limit T → 0. In this case, the excitations
near |λ| → ∞ dominates and the driving term can be approximately expressed as D/T exp(−pi
c
|λ|). For convenience,
we introduce the new variables z± = ±λπ/c+ ln(D/T ). With the method developed by Andrei and coworkers21, we
know that ζn allow the following asymptotic expansions
ζ1(z±) = 1 + (α1 + β1x
2
0)z±e
−z± + · · · , (97)
ζn(z±) = ζ
+
n + (αn + βnx
2
0)e
−z± + · · · , n ≥ 2. (98)
Here αn and βn are some constants. With the above expressions, the temperature dependences of some thermodynamic
quantities can be easily derived. First we consider the open boundary effect. Substituting (97) into (63), we readily
obtain that ln T terms appear in the free energy, which give the specific heat and the susceptibility of the open
boundary as
Cb ∼ −T lnT, χb ∼ − lnT. (99)
The above result indicates a typical overscreened two-channel Kondo behavior. Below we discuss the low-temperature
behavior of the impurity for different p values.
(i)0 ≤ p < 1/2 case. This case may provide us clear information about how the impurity potential behaves at low
temperatures. In this case, φsn can be written as
φsn =
∑
r=±
an,2S+1(λ+ ircp). (100)
Therefore, the spin part of the free energy of the impurity takes the form
F si = −
1
2
T
∑
r=±
∫
ln[1 + η2S+1(λ)]
2c cosh pi
c
(λ+ ircp)
dλ
= −T
c
∫
cosh pi
c
λ cos(pπ)
cosh 2pi
c
λ+ cos(2pπ)
ln[1 + η2S+1(λ)]dλ, (101)
Substituting (98) into the above equation, we obtain that
F si = −
1
2
T ln(1 + ζ+2S+1)−AT 2 −BH2 + o(T 2, H2), (102)
where A, B are two positive constants. For S = 1/2, we obtain the specific heat Csi and the susceptibility χi as
Csi = 2AT, χi = 2B, (103)
which indicate a typical local Fermi liquid behavior. Notice no overscreened two-channel Kondo effect exists in this
case because of the formation of the local composite. However, the Furusaki-Nagaosa’s conjecture is perfectly realized.
When S ≥ 1, a Schottky term and a Curie term appear in the specific heat and susceptibility, respectively. That
means the local composite is underscreened. Notice that (101) is correct only for p < 1/2. When p → 1/2, (101)
tends to zero, which indicates a quantum phase transition at this point. In fact, when p = 1/2, the local composite
behaves as two effective spins S + 1 and S (S ≥ 1). Such a spin-splitting effect drives the system toward a different
fixed point.
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(ii)0 < p < S, 2p = integer case. In this case, the local composite is split into two ghost spins S + p + 1/2 and
S − p+ 1/2.
F si = −
1
2
T
∑
r=±
∫
G0(λ) ln[1 + ζ2S+2rp+1(λ)]dλ. (104)
Substituting (98) into the above equation, we can easily derive that
F si = −
1
4
T ln[(1 + ζ+2S+2p+1)(1 + ζ
+
2S−2p+1)]−A′T 2 −B′H2 + o(T 2, H2), (105)
where A′ and B′ are two positive constants. The low-temperature behavior is much similar to that of case (i).
(iii)p = S case. In this case, no boundary bound state of charge exists. The local spin is split by the impurity
potential into an effective spin 2S + 1/2 and a spin-1/2 hole. The contribution of the spin hole is exactly canceled
by the boundary spin as we can see from the BAE (65). Therefore, the impurity and the boundary effect behave as
effectively a spin 2S + 1/2. However, its contribution to the thermodynamic quantities is only one half of that of a
spin-2S + 1/2 due to the reflection symmetry.
(iv)p < S, 2p 6= integer case. In this case,
φsn(λ) = [α]an,2S+2p¯+1(λ) + [α]
−1an,2S−2p¯+1(λ) + aα(λ)
2p¯∑
l=1
δn,2S−2p¯+2l, (106)
where α = 2(p− p¯). With the above relation we obtain
F si = −
1
2
T
∑
r=±
∫
Gr(λ) ln[1 + ζ2S+2rp¯+1(λ)]dλ
−1
2
T
2p¯∑
l=1
∫
aα(λ) ln[1 + ζ
−1
2S−2p¯+2l(λ)]dλ, (107)
where
G±(λ) =
∫
e∓(p−p¯)|ω|c
4π cosh ωc2
e−iλωdω. (108)
Notice G±(λ) is convergent in the real axis since α < 1. Since (107) is only related to ζn, n ≥ 2, we have a similar
result of (105). That means the system falls the same universal class of p = p¯.
(v)p¯ = S, p 6= S case. No boundary bound state exists via the strong impurity potential.
φsn(λ) = [α]an,4S+1 − [α]−1an + aα
2S∑
l=1
δn,2l. (109)
With the similar procedure we have
F si = −
1
2
T
∫
G+ ln(1 + ζ4S+1)dλ +
1
2
T
∫
G− ln(1 + ζ1)dλ
−1
2
T
2S∑
l=1
∫
aα(λ) ln(1 + ζ
−1
2l )dλ. (110)
Very interestingly, ζ1 appears in the above expression. From (97) we know that it gives a T
2 lnT term in F si . This
induce the negative specific heat and susceptibility
Csi ∼ T lnT, χi ∼ lnT. (111)
However, we know that the contributions of the open boundary always take the same form of (111) but with negative
sign and larger amplitudes. Therefore, the total specific heat and the susceptibility are still positive, i.e., well defined.
(vi)p¯ > S, 2p 6= integer case. In this case, the local spin is split into a ghost spin S+ p¯+1/2 and a ghost spin hole
p¯− S + 1/2.
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φsn(λ) = [α]an,2S+2p¯+1(λ) − [α]−1an,2p¯−2S+1(λ) + aα(λ)
2S∑
l=1
δn,2p¯−2S+2l. (112)
The free energy takes the form
F si = −
1
2
T
∑
r=±
∫
rGr ln(1 + ζ2p¯+2rS+1)dλ − 1
2
T
2S∑
l=1
∫
aα ln(1 + ζ
−1
2p¯−2S+2l)dλ. (113)
Since only ζn with n ≥ 2 are related to the above expression. The thermodynamic behavior of this case is much
similar to that of case (iv).
VI. CONCLUDING REMARKS
In conclusion, we propose an integrable model for the ferromagnetic Kondo problem in an interacting one-
dimensional electron system. The impurity potential, originally a charge effect, enters the spin dynamics effectively
at low energy scales. It is found that there is a competition between the Kondo coupling J and the impurity potential
V . When the ferromagnetic Kondo coupling dominates over the impurity potential (V < |SJ |), the Furusaki-Nagaosa
many-body singlet can be perfectly realized. For example, when S = 1/2, the residual magnetization of the impu-
rity is zero. However, when the impurity potential dominates over the Kondo coupling (V ≥ |SJ |), the fixed point
predicted by Furusaki and Nagaosa is unstable and the system must flow to a weak coupling fixed point. When
S ≤ p < S + 1/2, the local moment is partially screened (Mres = S − 1/4) and when p ≥ S + 1/2, the impurity
moment can not be screened any more by the conduction electrons (Mres = S). Such a phenomenon is very different
from that of the conventional Kondo problem in a Fermi liquid, where the impurity potential only renormalizes the
Kondo coupling constant but does not affect the fixed point of the system. Generally, the impurity potential splits
the impurity spin into two ghost spins, which are responsible to the thermodynamic behavior of the impurity. The
effective moment of the impurity measured from the low temperature susceptibility is considerably enlarged by the
scalar potential. It is found that the residual entropy depends not only on the residual magnetization of the impurity,
but also on the value of the impurity potential, which reveals the local spin glass behavior near the impurity. At
2p = integers, the ghost spins change their values and the residual entropy has a jump. That means quantum phase
transitions occur at these points. Due to the formation of the local composite in the case of weak impurity potential,
no overscreened two channel Kondo behavior exists for the impurity. However, the open boundary behaves always
like a spin 1/2 (halfly) and therefore shows overscreened two-channel Kondo behavior at low temperatures. In this
paper, we consider only the V > 0 case. For a negative impurity potential, say p = −S, the local spin is split into
two ghost spins 2S + 1/2 and 1/2. No matter how large the impurity spin is, the small ghost spin may induce the
overscreened two-channel Kondo behavior. In this case, the leading term in the susceptibility is Curie type while
that in the low-temperature specific heat is ∼ −T lnT . Based on the open boundary condition at the impurity site,
we do not obtain the non-Fermi liquid behavior predicted in [8]. It has been shown by the boundary conformal field
theory20 that such a non-Fermi liquid behavior is induced by the tunneling of the conduction electrons through the
impurity. However, the tunneling introduces a hybridization between the electrons in the two different half-chains and
must induce the channel anisotropy and splitting. Generally, the tunneling is much weaker than the Kondo coupling
and the impurity potential in a repulsive interaction system and is thus not very harmful to the two-channel Kondo
effect33,34,17. In addition, it is not available to recover Lee and Toner’s conjecture about the power-law dependence of
the Kondo temperature on the Kondo coupling constant J from the present model since the ratio J/c is fixed in our
model. We remark that the antiferromagnetic Kondo problem in multi-channel correlated host was considered by a
few authors35,15 recently. For a magnetic impurity coupled antiferromagnetically with a Luttinger liquid, Egger and
Komnik found the overscreened two-channel Kondo effect at low temperatures15. However, Zvyagin and Schlottmann
showed in a recent paper35 that the multi-channel Kondo behavior may be smeared by the correlation in the host. It
is instructive to apply the RG analysis and the conformal field theory on this problem to give a full picture of scalar
potential effect to the Kondo problem (both ferromagnetic and antiferromagnetic) in Luttinger liquids as well as in
higher-dimensional correlated systems.
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